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ABSTRACT: We study the enumeration of different classes of grand knight’s paths in the plane. In particular,
we focus on the subsets of zigzag knight’s paths that are subject to constraints. These constraints include
ending at y-coordinate 0, bounded by a horizontal line, confined within a tube, among other considerations. We
present our results using generating functions or direct closed-form expressions. We derive asymptotic results,
finding approximations for quantities such as the probability that a zigzag knight’s path stays in some area of
the plane, or for the average of the altitude of such a path. Additionally, we exhibit some bijections between
grand zigzag knight’s paths and some pairs of compositions.
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1 Introduction

In combinatorics, the enumeration of different classes of lattice paths according to several parameters is often
studied. One of the motivations is to exhibit new one-to-one correspondences between these classes and various
objects from other domains, such as computer science, biology, and physics [26]. For instance, they have
close connections with RNA structures, pattern-avoiding permutations, directed animals, and other related
topics [10/19,/26]. We refer to [7H9,/14,(17,21,/22,241/27,28], and the references therein, for such studies.

Labelle and Yeh [20] investigate knight’s paths, that are lattice paths in N? that start at the origin and
consist of steps N = (1,2), N = (1,-2), E = (2,1), and E = (2,—1). Note that these steps correspond to
the right moves of a knight on a chessboard. Recently, in [11], the authors focus on zigzag knight’s paths, i.e.,
knight’s paths where the direction of the steps alternate up and down, or equivalently knight’s paths avoiding
the consecutive patterns NN, NE, EN, EE, NN, NE, EN, EE. They prove that such paths ending on
the z-axis with a given number of steps are enumerated by the well-known Catalan numbers (see A000108 in
Sloane’s On-line Encyclopedia of Integer Sequences [25]), and they exhibit a bijection between these paths and
Dyck paths (lattice paths in N? starting at the origin, ending on the z-axis and made of steps U = (1,1) and
D =(1,-1)).

In this work, we extend the aforementioned study by allowing knight’s paths to go below the z-axis.

Definition 1.1. A grand knight’s path is a lattice path in Z2 that starts at the origin and consists of steps
N=(1,2), N=(1,-2), E=(2,1), and E = (2,-1).

The size of such a path is the z-coordinate of its last point. The empty path € is a path of size 0. The height
is the maximal y-coordinate reached by a point of the path, and the altitude is the y-coordinate of the last point
of the path. We also define grand zigzag knight’s paths as follows.

Definition 1.2. A grand zigzag knight’s path is a grand knight’s path with the additional property that the
vertical components of two consecutive steps cannot be in the same direction, i.e., two consecutive steps cannot

be NN, NE, NN, NE, EE, EN, EE, EN.

See Figure [1] for an illustration of two grand knight’s paths, with the second one also being a grand zigzag
knight’s path.
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Figure 1: On the left: a grand knight’s path of size 19, height 3, and altitude 1. On the right: a grand zigzag
knight’s path of size 19, height 1, and altitude —2.

The enumeration of grand knight’s paths of a given size can be obtained using the work of Banderier and
2
Flajolet |6]. Indeed, it suffices to consider the step polynomial P(z,u) = zu? + 3 + =+ 2%u, where z (resp. u)

Z_

u
marks the size (resp. height) of the step, i.e., zu?, = Z—;, and z2u correspond to the steps N, N, E, and E,
respectively. The Laurent series providing the number of grand knight’s paths with respect to the size (marked

with z), the number of steps (marked with z), and the altitude (marked with w) is given by

1
1—2P(z,u)
Fixing 2 = u = 1, we deduce the generating function 1/(1 — 2z — 222) for the number of grand knight’s paths
with respect to the size. The coefficient of 2" is ZZié (27;;11)3’“, which corresponds to the sequence A002605|in

the OEIS [25]. The first values of w,, are
1, 2, 6, 16, 44, 120, 328, 896, 2448, 6688, 18272.

An asymptotic approximation is given by v/3/6 - (v/3 4 1)"*1.
The generating function for the number of grand knight’s paths ending on the z-axis is

(), te))
ug(z)  uy(z)
where uz(z) and uy(z) are the small roots in u of 1 — 2P (u) (i.e. the roots u;(z) that satisfy lim,_,o u;(z) = 0),

and the derivative with respect to x. The bivariate generating function for the number of grand knight’s paths
of a given size and altitude k > 0 is then

)
z=1

xT x

Wi(z,u) = (E (113(517)7]{), + T (U4($)7k)/)

r=1

In the subsequent sections of the paper, among other results, we recover the aforementioned formulae,
although in a different statement (without involving any derivatives).

Recently, Asinowski, Bacher, Banderier, Gittenberger, and Roitner [115] developed a method for solving
enumerative problems that arise out of paths avoiding consecutive patterns. Grand zigzag knight’s paths could
be modeled as grand knight’s paths avoiding eight consecutive patterns of size 2. However, in this paper we
present a more specific method, using the point of view of Prodinger [23] based on the kernel method. It consists
in studying two generating functions that count the desired paths by distinguishing the direction of the last step
(up or down). Then, we provide formulae for different kinds of constraints, give bijections, direct closed-form
expressions for the n-th coefficient, and asymptotic results.

Outline of the paper. In Section 2, we apply the kernel method for providing generating function of the
number of grand knight’s paths with respect to the size and the altitude. We deduce asymptotic approximations
for the number of grand knight’s paths of a given size and a non-negative altitude, and for the expected altitude
of a grand knight’s path ending at a positive altitude. In the following sections, we focus on grand zigzag
knight’s paths. In Section 3, we give the counterpart of Section 2 for grand zigzag knight’s paths. Moreover,
we exhibit a bijection between pairs of integer compositions and grand zigzag knight’s paths ending at (n, k),
where n and k have the same parity. As a byproduct, we obtain a closed form for the number of grand zigzag
knight’s paths ending at (n, k), and the expected value for the number of steps of a grand zigzag knight’s path
ending at (n, k); asymptotic approximations are also derived. In Section 4, we consider grand zigzag knight’s
paths staying in a region delimited by horizontal lines. We make a similar study as for the previous sections,
which allows us to estimate asymptotic approximations for the probability that a grand zigzag knight’s path
chosen uniformly at random among all grand zigzag knight’s paths stays above a horizontal line. We end by
giving an appendix for the general case of grand zigzag knight’s paths staying in a general tube.
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2 Unrestricted grand knight’s paths

In this section, we enumerate grand knight’s paths starting at the origin (0,0) and ending at (n, k) for n > 0,
k € Z. Let H, 1 be the set of such paths and let h,, j, be its cardinality. Due to the symmetry with respect to
the z-axis, we obviously have h,, ; = h, _. Therefore it is sufficient to focus on non-negative k. For (fixed)
k>0,let hy =3 <ohnrz" be the generating function for the number of grand knight’s paths of altitude &
with respect to the size. A non-empty grand knight’s path of altitude k and size n > 1 is of one of the following
forms (a) PN with P € H,_1 42, (b)) PE with P € H,_2 441, (¢) PE with P € H,, o241, (d) PN with
P € H,—1,;—2. Therefore we easily obtain the following equations after considering the symmetry h_j = hy:

ho =14 2zhs + 222h1, (1)
hl = 22(h0 + hz) + Z(hl + hg), (2)
hy = 22(hk_1 + hk+1) + Z(hk_g + hk+2), for k > 2. (3)

Let H(u,z) =3 50 hk (2)u* be the bivariate generating function for the number of grand knight’s paths with

respect to the size and the altitude. We will write H(u) for short. Thus, by multiplying by u*, summing
over k > 2, with hg + hiu we obtain

H(u) = ho+hiu + 22 Z(hkfl + hk+1)uk + z Z(hk,Q + hk+2)uk,

k>2 k>2

and

H(u) = ho + hiu + 2* (u(H(u) — ho) + H(u) — ho — hyu — h2u2>

u

4
H(u)—ho—hlu—h2u2—h3u3) ( )

u2

+z <u2H(u) +

From (1) and (2) we obtain hy = -+ Z—g —zhy and hy = § + (22 + 1 —1)hy — (1 + 2)ho. By replacing hy and
hs by these expressions in , and after simplifying, we eventually have

2 2

H(u) (u? — zut — 2 — 22u — 2%u®) = % + hy <uz —z— 22u) + zuhy (u? — 1). (5)

We use the kernel method (see [23]) to determine hg and hy. Let K(u) = u? — zu* — 2 — 2%u — z%u® be the
kernel of Equation , and let u; and wus be two of the roots of K (u):

—22 4+ z4—|—8z2+4z+ 1 \/z3—z\/z4+822+4z—4z+2
2v2

= 6
“ 4z z ( )
and
—22 — /24 4822 + 42 1 23+ 22 4822 442 — 42 + 2
U = 4 — . (7)
z 24/2 z

Note that u; = u;(1) and us = uy(1) where uy(z) and us(z) are the two other roots of the step polynomial
1 —xP(z,u) (see Introduction), which implies that 1/(u — u1) and 1/(u — us) have no power series expansions
around (u, z) = (0,0). This implies that (u — u1)(u — uz) must be a factor of the numerator. Then by (F]), we

have
2 2

% + ho <u21 —z— 22ui> —|—zuih1(u? —1)=0, fori=1,2.

After solving for hg and hq, we obtain

1+ ujus

ho = 8
O T+ wgun — 222(ug + up) — 22 + 22(1 — ud — wd)uy uy | ®)
and n
(751 U
hy=—— 9
! 1+ ujus 0 )

Then we can deduce H(u) from (f]), which yields the following.
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Theorem 2.1. The bivariate generating function for grand knight’s paths with respect to the size and the altitude

18
—hiu + houjus

(u—uy) (u—ug)’

where uy,usg, ho, h1 are defined in (@, @, @ and (@

By decomposing H(u) into partial fractions, we deduce a close form for the coefficient [u*]H (u) of u* in

H(u) =

Corollary 2.1. The generating function for grand knight’s paths of altitude k with respect to the size is

M 0U1 1 _k U2 1 —k
u) = () - u .
[ H () U —ug 2 U —ug

The following table presents the numbers A, for 0 <n < 9,0 < k < 9. It is given in the entry [A096608
of [25].

1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
2 1 0 0 1 0 0 0 0 0
0 2 3 2 0 0 1 0 0 0
8 6 1 3 4 3 0 0 1 0
6 12 16 12 3 4 5 4 0 0
44 33 18 21 27 20 6 5 6 5
60 76 95 72 40 34 41 30 10 6
256 210 154 155 177 135 75 52 58 42
460 520 581 480 335 288 299 228 126 76

We refer to Figure [2[ for the illustration of the eight grand knight’s paths of size 4 ending on the z-axis (see
the entry indicated by the boldface in the table).

Figure 2: The eight grand knight’s paths of size 4 ending on the z-axis.

Corollary 2.2. The generating function for the total numbert,, of grand knight’s paths ending at a non-negative
altitude with respect to the size is
houiuz — hy

Hl)= ———+—"F—.
(1) (1 —up)(1 —us2)
An asymptotic approzimation of t, is
3 n+1
(1 va) ™

The first terms of ¢,,, 0 < n < 12, are
1,1, 4, 8, 26, 63, 186, 478, 1352, 3574, 9927, 26640, 73354,
and this sequence does not appear in the OEIS.

Corollary 2.3. The generating function for the total sum s, of the altitudes in all grand knight’s paths of size
n ending at a non-negative altitude is

0 hoU%Ug + U1U2(h0’d2 — 2h0 — hl) + hl

%H(u) lu=1= (1 —up)2(1 — ug)?

An asymptotic approrimation of s, is

(4ﬁ+7)ﬂ\6/137\/§_237\/2(1“/5)”'
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The first terms of s,, 0 < n < 12, are
0, 2, 5, 20, 56, 180, 516, 1552, 4452, 13000, 37120, 106684, 303090,

and this sequence does not appear in OEIS.

Corollary 2.4. The expected altitude of a grand knight’s path of size n ending at positive altitude is asymptot-

ically
2
(5 + 3v/3)\/ 137V/3 — 237/ ?T”
Y

3 Unrestricted grand zigzag knight’s paths

Recall from Definition [1.2] - 2| that a grand zigzag knight’s path is a grand knight’s path avoiding the consecutive
patterns NN, NE, NN, NE, EE, EN, EE, EN.

Let Z, j be the set of grand zigzag knight’s paths of size n and altitude k, and Z;;k (resp. Z;k) be the
subset of Z, ;. of paths starting with E or N (resp. E or N). Note that the symmetry with respect to the z-axis
provides a direct bijection between Z,,  and Z,, _j, and also between Z:; . and Z;) ke

3.1 Enumeration using algebraic method

Let F(x,u, z) be the generating function for the number of grand zigzag knight’s paths ending with E or N
with respect to the number of steps (marked by z), the altitude (marked by w, the power of u is negative for
paths ending below z-axis) and the size (final z-coordinate, marked by z) Denote by G(x u, z) the generating
function for grand zigzag knight’s paths ending with £ or N and by A (x,u, z) the generating function for all
grand zigzag knight paths.

Then we have readily the following system of equations:

li“(x,u,z) = (1+C:7’(x7u,z))(xzu + x2%u),
G(r,u,2) =1+ F(z,u,2))(zzu™2 + z22u™1), (10)

Z(z,u,2) =14 F(z,u,2)+ G(a:,u,z).
The solutions of are rational:

zz (u+ 2) (u? + uzz® + z2)

Flo,uz) = -
(z,u,2) u2x223 + uzz4 + ur222 — u + 2223’
& - vz (uz + 1) (vPaz + uzz? + 1)
O T (02223 + uz?2t + ua?2? — u + 2228)
2 2 2 2
N u® +uxrz® +zz) (v'rz +urzc+1
Z(x,u,2) = — ( ) ( )

w(u22223 + ur?zt + uw?z? —u + 2223)

Fixing v = 1 and x = 1 in the third equation, we obtain the generating function for all grand zigzag knight’s
paths of a given size:
142422

Z(1,1,2) = T

(11)
Here are the first coefficients of z™ for 0 < n < 16:
1, 2, 4, 6, 10, 16, 26, 42, 68, 110, 178, 288, 466, 754, 1220, 1974, 3194.

This corresponds to the sequence A128588|in |25], which is a Fibonacci-like sequence with ag = 1, a1 = 2 and
as = 4 (the n-th term, except the first, is twice the Fibonacci number F,, defined by F,, = F,_1 + F,_o for
n Z 2, with FO =0 and F1 = 1)

By decomposing the rational fraction A (z,u, z) into partial fractions, and after isolating the terms which are
analytic at u = 0, we can obtain an expression for the generating function for paths of positive height. In this
paper, we use a different technique inspired by Prodinger [23] and based on the kernel method. We describe it
in full details in order to introduce the routine that we will use in Section 4 for bounded paths.

For k € Z, let fi (resp. gr) be the generating function of the number of grand zigzag knight’s paths of
altitude k& with E or N (resp. E or N), with respect to the size. Due to the symmetry with respect to the
z-axis, we have f_p = gi for k # 0, and fy = 1 + gg. So, we will focus on positive altitudes. Let us consider

ECA x:x (xxxx) Article #SxRx 5


https://oeis.org/A128588

Jean-Luc Baril', Nathanaél Hassler!, Sergey Kirgizov' and José L. Ramirez?

Fu,z) =3 350 f (2)uF and G(u, z) = > k>0 Ik (2)u® (for short, we will write F'(u) and G(u)). We easily obtain
the following equations, with the convention that the empty path is counted in fj:
fi=22 429142290 = 22 + 2f1 + 2%90 = 21 + 22 fo,
fo =2+ 290 + 2291,
fro = 2gk—2 + 2%gi—1 for k >3,
gk = 2frao + 22fk+1 for £ > 0.

— e D =

From equations (12{15)) we deduce the following functional equations:

ZSU

Py = (14 2%

G(u)<z +22+Ziz)>fo+<;2+f)F(u)7

w2 u w1

) fo+zu(z+u)(G(u) + 1),

which yields

Flu) = folmuzt +uz® + 24 — w2z — 2% — uz + u) —ud2? —u2® +udz +u?2?
o (=14 2) (w223 +uz* + 22u+ 23 —u)

. (fo(uz® + 22 — 2) —u?2® — Bu+ w2 + 2%u — zu — 2% + u + 2) 22

)

Glu) = (—1+2) (u?2% + uzt + 22u+ 2% —u)
Let
1—2%— 22— /28 —226 — 24 —222 41
ri= ,
223
1—2* =224+ V28 —226 — 24— 22241
s =
223

be the two roots in u of the kernel u?z3 + uz* + z%u + 2 — u. Applying the kernel method, we obtain

o= r(z—1) (1 —2)(—1+22 42"+ V1 —222 — 2% — 2206+ 28)
O B2z 1) 25(1— 22422 — 24 — /1 —222 — 28 — 2264 28)

and we can state the following cancelling the factor (u — r).
Theorem 3.1. The generating functions F(u), G(u) are given by:

—2%u — 2% fos + 2%s
22(u — s)

—u? —u(r+2) — 2%fys
22(u — s)

F(u) =

and G(u) =

The bivariate generating function H(u) := F(u) + G(u) for the number of grand zigzag knight’s paths (ending
at a non-negative y-coordinate) with respect to the size and the altitude is
u? +u(r + 2 + 22) + 22s(2fo — 1)

H(u) = 22(u — ) ’

The generating function for the total number of grand zigzag knight’s paths of size n ending at a non negative
y-coordinate is
L+r+z+22+2252f — 1)

H(1) = 22(1 —s)

Here are the first terms of H(1) for 0 < n < 16:
1,1,3,3,7,9, 18, 24, 45, 63, 115, 166, 296, 435, 763, 1138, 1973.
Note that the generating function for the total number of grand zigzag knight’s paths is thus

142422
1—2—22"

Consistently with the beginning of this section, the coefficient of 2™ in 2H(1) — (2fy — 1) is twice the n-th
Fibonacci number (see |A128588 in [25]). This can be also seen bijectively as follows. A grand zigzag knight’s
paths of size n starting with an up-step (so half of the total number of grand zigzag knight’s paths of size n) can
start either with E, and then followed by a grand zigzag knight’s path of size n —2 starting with a down-step, or
it can start with N, and then followed by a grand zigzag knight’s path of size n — 1 starting with a down-step.
See Table [1| for the first values of | Z, ;|. Note that the sequence (|Z§rn’0|)n20 corresponds to A051286|in [25].

2H(1) - (2fg — 1) =

ECA x:x (xxxx) Article #SxRx 6
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Corollary 3.1. The generating function for the number of grand zigzag knight’s paths ending at y-coordinate
k with respect to the size is given by:

r+z+22%fo

[ H (u) = 2o = 1, [u']H (u) = ——

[u¥)H (u) = r’;l (1 +7r(r+2) +2r2%fo) fork > 2.

)

Corollary 3.2. An asymptotic approximation for the expected altitude of a grand zigzag knight’s path of size n
ending on or above the x-aris is

2(V5-2) [n

Vivs -1V T
This is also the variance (divided by 2) of the altitude of a grand zigzag knight’s path (not necessarily ending on
or above the x-axis) of size n (the expected value of the altitude being simply O for those paths).

Proof. The generating function for the total number of grand zigzag knight’s paths of size n is H(1), and the
one for the total sum of altitudes over all grand zigzag knight’s paths of size n is %H (1) |u=1. We compute
asymptotics of the coefficients of both those generating functions using singularity analysis (see |15]), and then

we take the ratio to obtain the stated result. O

Remark 3.1. From [11, Theorem 1], we deduce that the expected altitude of a grand zigzag knight’s path of size
n and staying above the x-axis is equivalent as n — oo to

(5+v5)V7V5 — 15

20 VTn.

Thus, the altitude of a zigzag knight’s path (i.e. a grand zigzag knight’s path in N2 ), is, in average, ~ 1.57079633
times the altitude of a grand zigzag knight’s path in Z2 ending at non-negative altitude.

i "fo 1 2 3 45 6 7 8 9 10 11 12 13 14 15
0 1 0 2 0 4 2 10 6 22 16 52 44 126 116 306 302
1 o 0 1 2 2 4 4 10 11 26 28 64 71 160 183 402
2 01 0 1 0 3 2 7 6 16 18 40 52 100 142 252
3 o o0 0 0 1 0 2 0 6 2 16 8 41 28 107 90
4 o o0 0 0 0 0 0 1 0 3 0 10 2 30 10 85

Table 1: The number of grand zigzag knight’s paths from (0,0) to (n, k) for (n, k) € [0,15] x [0,4].

We refer to Figure |3| for the illustration of the six grand zigzag knight’s paths of size 7 ending on the z-axis
(see the entry indicated by the boldface in the table).

Figure 3: The six grand zigzag knight’s paths of size 7 ending on the z-axis.

Now, we focus on grand zigzag knight’s paths that never touch the z-axis except for the initial and the final
point. Let B be the set of such paths.

Corollary 3.3. The generating function B(z) for the number by, of grand zigzag knight’s paths in B with respect
to the size is
2257 +22* — 223 — 3rz + 3r
B(z) =
r(l—2z)

ECA x:x (xxxx) Article #SxRx 7
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Proof. Let I' = 2fy — 1 be the generating function for the grand zigzag knight’s paths ending on the z-axis.
Each element counted by I' is either empty or can be uniquely decomposed into a juxtaposition Bj --- By of
non-empty paths B; € B so that B;B;11 forms a zigzag, which forces B; ;1 to start with an up step (resp. down
step) if B; ends with a down step (resp. up step). Therefore, the generating function for B; is B(z) — 1, and
the generating function for B;, ¢ > 2, is (B(z) — 1)/2. Thus, we have

(220 - 328

T=1+(B(z)-1)) =3B

k>0
We deduce B(z) = (3T — 1)/(T + 1) and the expression of B(z) follows from Corollary O
The first terms of b, for 0 < n < 22 are
1,0,2,0,2, 2,4, 2, 4, 2,6, 2,10, 2, 18, 2, 36, 2, 76, 2, 166, 2, 372.

All the odd terms equal 2 for 2n + 1 > 5, because the only paths of size 2n + 1 in B are ENN --- NNE and
its symmetric ENN --- NNE. Figure [4] shows the six grand zigzag knight paths of size 10 in B (see the entry
indicated by the boldface in the list above).

Figure 4: The six grand zigzag knight’s paths of size 10 having exactly the starting and the ending point on the
T-axis.

3.2 A bijective approach

In this part, we exhibit a bijection between pairs of integer compositions and grand zigzag knight’s paths ending
at (n, k) where n and k have the same parity.

In |12], Béna and Knopfmacher provided the following bijection ¢ between pairs of compositions of n with
parts in {1,2} that have the same number of parts, and lattice paths starting at (0,0) with size n and steps
from the set {(1,0),(2,0),(2,1),(1,—-1)}. Let X = (1,...,2) and Y = (y1,...,yx) be compositions of n with
k parts. The mapping is defined by o(X,Y) = p(x1,y1) - - - ¢(xk, yr) with

;0), fw; =y =1,
0),  ifa =y =2,
1), ifx; =2 and y; = 1,
,—1), ifxz;=1andy; =2.

o, ys) =

Here we construct a similar bijection with grand zigzag knight’s paths ending at a point whose coordinates have
the same parity.

Let C,,,;m be the set of ordered pairs (X,Y) of compositions of n and m, respectively, where every part is 1
or 2, such that X and Y have the same number of parts. Note that C,, ,, = @ if n < [m/2] or m < [n/2].

Lemma 3.1. If n < m, then
/] n—1i n—1i
Cmn = Cnrn = . .-
[Con.nl = 1Cnml ; < 7 ><m—n+z>

Proof. Let us count the compositions of n into parts equal to 1 or 2 with ¢ parts (n > ¢ > [n/2]). Since there
are i parts, there are necessarily n — ¢ parts equal to 2, and 2i — n parts equal to 1. Then it remains to choose
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the places of the 1’s among those ¢ parts, which can be done in (21’_n) = ( ‘ ) ways. Therefore, if we assume

n<m, n—i
s ELDTE )
mmle n—i)\m—i) < i m—-n+i)’

i=[m/2] 1=0

Lemma 3.2. Ifn,k € N with n = k (mod 2), then there is a bijection ¢ between 6%7%16 and Z;;k, and a

bijection ¥ between CnT—knT-Fk and Z, k-

Proof. Let (X,Y) € CnT—k,#. Let i be the number of parts of X and Y, so that X = (z1,...,2;) and
Y =(y1,...,y:), with z;,y; € {1,2}. We define ¢(X,Y) as the path ¢(z1,y1) - - - d(x, yx), where

EE, if T =1; =2,
NN, ifz;=y; =1,
NE, ifx; =1andy; =2,
EN, ifx;=2andy; =1.

d(zj,y;) =

i

Note that the size of ¢(z;,y;) is 2 +y;, so the size of ¢(X,Y) is 3., (z; +y;) = n. The altitude of ¢(z;,y;) is

y; —;, and consequently, the altitude of ¢(X,Y") is ijo(yj —x;) = k. Therefore, ¢ maps into Z;k. The inverse
of ¢ is easy to obtain, since each path of Z;k can be seen as a path of steps belonging to {EE, NN, NE, EN}.
Thus, ¢ is a bijection between C,, ,,, and Zn+7 - The bijection ¢ can be constructed similarly since each path of
Z,, ), can be seen as a path of steps belonging to {EE,NN,EN,NE}. O

Example 3.1. If we consider the compositions
X =(2,2,2,1,1,1,1,2,1) and Y =(1,2,1,2,2,1,2,1,2),

then (X,Y) € C13,14 is mapped to the path ENEEENNENENNNEENNE € Z2+771, see Figure @

Figure 5: Illustration to Example 3.8. The path ¢(X,Y) is a grand zigzag knight’s path of size 27 and altitude 1.

Theorem 3.2. If n =k (mod 2), with (n,k) # (0,0), then

n—|k|

2 n—2\k| i n;|k:\ i
'Z"”“'Zzi;( )0

= |Z:71,k72| + |ZI72,1@71| 12, 1 el T 120 0kl

If n # k (mod 2), then

|Zn,k:

where each of those four terms can be expressed with the above formula (without the factor 2).

Proof. By Lemma if n =k (mod 2), then we have |2, x| = |2 .| + |2, .| = 2|Cn%k)#|. We conclude
using Lemma [3.1] If n # k (mod 2), then we have

Zok=Z2n1k-2 NUZy 251 EUZy 1412 NUZp 2511 E,
which completes the proof. O

Remark 3.2. When n =k (mod 2), | Z, x| is even (except for (n,k) = (0,0)). Indeed, since each path of Z, j
has an even number of steps, we have a bijection from Z:k to Z_ ., induced by

NN — NN
EE — EE
NE — EN
EN — NE.
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3.3 Step number of a grand zigzag knight’s path

For n/2 < i <mn, let Z:Lk be the subset of Z, j consisting of paths with i steps (see Section [3| for a definition
of Z, ). We define similarly Z:L'}; and Z:L; Note that |2} .| =0if i #n — k (mod 2).

Theorem 3.3. Forn =k (mod 2) and ¢ even,

e i (2 N[ 2
|Zn7k = ‘Zn7k| = <n—i—k> (n—i+k .
2

2

41 i—1
|Z’i7+| _ % ZT
n,kl = nfgfi + 1 ’rLJréCf’L' -1 ?

, i1 i+l
|Z:{;|:< —k—2‘ )( +k—2' )
n & i_q n & P4

Proof. Let us first assume n = k (mod 2) and 7 is even. Let e,n,€,n be the numbers of steps E, N, E,N ofa
path in 27 (or Z2"7). Then we have the following equations:

Forn # k (mod 2) and i odd,

e+e = n-—1,
n+n = 2i—n,
e+n = /2,
e+n = /2
e+2n—e—2n = k.

This linear system is non-degenerate, thus we deduce the unique solution

(e,n,8,7) = n—i—k 2i—-n+k n—i+k 2i—n—=%
y 14, ©y - 2 9 2 ) 2 I} 2 .

Then, it remains to choose the positions of the N’s among the up-steps, and the positions of the N’s among
the down-steps. This eventually yields the desired formula. When n # k (mod 2) and ¢ is odd, the third and
the fourth equations become

{e+n = (i+1)/2,

e+n = (i—1)/2,

i+
for Z,7}, and

—N
o}
_|_
=
|
S
—
S~—
~
N

for ZZ”;. We then conclude similarly. O

Corollary 3.4. If n =k (mod 2) with (n, k) # (0,0),

n—k . .
i/2 i/2
‘Zn’k| =2 § : (n—i—k) (n—i+k)'
i=0 2 2

1 even

If n # k (mod 2),

ng?l i+l i1 i1 i+l
|Zn,k:| = [(nki ) <n kfi ) + (nkzi ) (n kfz > .
= R VA | ngt 1)\ 4

i odd

Remark 3.3. Note that we obtain the same formula as the one in Theorem[3.3. Also, we now have a formula
for |Z, k| when n # k (mod 2) involving only 2 sums, instead of 4 as stated in Theorem .

Corollary 3.5. The expected value for the number of steps of a grand zigzag knight’s path ending at (n, k) is

n—k B .
2 . 'L/2 2/2 ‘
|20k ; Z("ik) (n;ﬂc) if n==Fk (mod 2) and

2

i even

‘ : : + , ,
2o 2| (a2 )+ () (st )

i odd

)

otherwise.
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Theorem 3.4. An asymptotic approximation for the expected number of steps of a grand zigzag knight’s path
ending on the x-axis of size 2n (which is also the expected number of parts of a pair of compositions of n with
parts in {1,2} and having the same number of parts) is

1+45
2v/5

Proof. By Corollary |3.5| and Theorem it suffices to estimate > (nil)2 and Y. z(niz)z (respectively
A051286 and A182879). Their generating functions are respectively

- 2n.

1 d 2(1 4222 — 23)
, an .
V1—22—22— 23 + 24 (1 =324 22)(1+ 2+ 22))3/2
We conclude using singularity analysis. O

Based on Mathematica calculations, we suspect that the behavior is the same for odd sizes.

Conjecture 3.1. An asymptotic approximation for the expected number of steps of a grand zigzag knight’s path
ending on the x-axis of size n is
1+5
n

2v/5

4 Bounded grand zigzag knight’s paths

In this section we focus on grand zigzag knight’s paths staying in some regions delimited by horizontal lines.

4.1 Grand zigzag knight’s paths staying above a horizontal line

First, we consider paths that stay above the line y = —m for a given integer m > 0. By symmetry, this is
equivalent to count grand zigzag knight’s paths staying below the line y = +m. Note that the case m = 0 has
been done in [11], thus we will assume m > 1.

Remark 4.1. When n = k (mod 2), there is a bijection between those paths ending at (n,k) and pairs of
compositions (X,Y) € Co—r nix such that for all j,
2 2

—m <Y (i — )

i=1
(see the bijections ¢ and 1 used in Lemma .

Figure [6] shows an example of a grand zigzag knight’s path above the line y = —3, with size 27, and
altitude —2.

Figure 6: A grand zigzag knight’s path staying above the line y = —3, with size 27, and altitude -2.

As in the previous section, for k > 0, let f_,,+r (resp. g—m+x) be the generating function of the number of
grand zigzag knight’s paths staying above the y-coordinate —m and ending at altitude —m + k with an up-step
N or E (resp. with a down-step N or E). Then we easily obtain the following equations

fom =0, fomir = Lot + 220, (16)
fomik = 29-mir—2 + 220-mik—1 + Ljpmm) + Lkmms1)2” + Lpmmyzyz  for k> 2 (17)

and
J—mtk = Zf—mtk+2 + ZQf—m+k+1 for k >0, (18)
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where 1j,—) is 1 if @ = b, and 0 otherwise.
Setting F'(u) = 45 fomiru® and G(u) = > k>0 g—m+ru”, we obtain
F(u) = 2™ (2 +u) + u™ + zu(z +u)G(u),
z z 22
6 =21 + (5 + 2 ) Pl

Using the kernel method (the roots r and s of the kernel are the same as for Section , we find

Terl
f—m,—i—l = (]- + ZT)Tm71 + 7
Remark 4.2. From equation (@), we obtain g_,, = “zr—frrm’l + ’""::1 — 1[m:1]z%' This is the same expression

as the generating function for the total number of grand zigzag knight’s paths of altitude m and staying above
the x-axis, see [11, Theorem 1]. Indeed, reading the paths backwards, we get a bijection between those ending at
altitude m and staying above y = 0, and those ending at altitude —m and staying above y = —m, see Figure[7]

—m

Figure 7: There is a bijection between grand zigzag knight’s paths staying above y = —m and ending at
altitude —m, and grand zigzag knight’s paths staying above y = 0 and ending at altitude k.

Theorem 4.1. The bivariate generating functions for the number of grand zigzag knight’s paths staying above
y = —m and ending with respectively an up-step and a down-step with respect to the size and the altitude are

w(u™(1+ 22u + zu?) — ™ z(u+ 2)(z + 22 +1r?))
23(u—7r)(u—s)

Fu)=—

)

Pz 2 22r) — 2™ (1 4 zu) (1 + 22u + 2u?)
23(u—r1)(u—s) ’

G(u) =

Setting H(u) := F(u)+ G(u), the generating function for the total number of grand zigzag knight’s paths staying
above y = —m with respect to the size is

ZT‘m_l + 2:27“7” + ,'nm—i-l _ 2’2 —z—-1
224+2-1 '

H(1) =

Here are the first terms of H(1) when m =2 and 0 < n < 15:
1,2, 4, 6,9, 15, 23, 38, 58, 95, 147, 239, 373, 603, 947, 1525.

Remark 4.3. H(1) converges as m — oo to (14 z + 22)/(1 — z — 22), the generating function for the total
number of grand zigzag knight’s paths (see the beginning of Section @ Moreover, the valuation of r is 3, thus
we can estimate the rate of convergence:

1 2
val <H(1) - sz;) =3m — 2.

In particular, every grand zigzag knight’s path of size < 3m — 3 stays above y = —m, and we know that the path
(NE)Y™ 1N has size 3m — 2 and goes below y = —m.
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Corollary 4.1. Form > 0, the probability that a grand zigzag knight’s path chosen uniformly at random among
all grand zigzag knight’s paths of size n stays above the line y = —m is asymptotically ¢, //n, with

245 /7V/5-15 ; _
. R VA ifm=0,
™) am43-5 . [ 7/5-15 .

a(V52) —2, ifm=>1

Proof. Using basic singularity analysis, since the generating function for the total number of grand zigzag
knight’s paths with respect to the size is (1 + 2z + 2?)/(1 — z — 2?), we deduce that the asymptotic for the total
number a(n) of grand zigzag knight’s paths of size n is moﬁ”, with o = @ Now we study H(1) (see
Theorem . It turns out that the main singularity of this function (the one with the smallest absolute value)
is also a.. Using the following approximation near «:

rJ 1 V10 — 4v/5 s
= + — +0(1
z—a z—« V5 -2 (z =) @),

we deduce

2m+1-a) 1()41\/5(270[)71/2

V5(V5 - 2)
as z — a. We thus have the following approximation for the number a,,(n) of grand zigzag knight’s paths of
size n and staying above y = —m (see for instance |15, Chapter VI]) as n — oo, when m > 1:

(2m+1—a)V10 —4/5 ™"
VBa(Vb - 2) v

By taking the quotient, we obtain the asymptotic for the desired probability as n — oco:

H(1) ~

am(n) ~

am(n) N dm+3 -5 |7V/5-15
a(n) 4(v/5 - 2) ™m

When m = 0, we use similarly the generating function from [11, Corollary 2]. O

Remark 4.4. We can deduce from the previous proof (going one order further) that the asymptotic probability
that a grand zigzag knight’s path of size n chosen uniformly at random has minimal height —m is

e | TV im0
am(n) — am—1(n
1 ~ 5+i\/5 7/5—15 me =1,

™m

2+ V5)\/ D515 ifm > 2.
In particular, asymptotically, every minimal height < —2 has the same probability. By symmetry, this is exactly
the same for maximal heights.

4.2 Grand zigzag knight’s paths staying in a symmetric tube

Here we count grand zigzag knight’s paths that stay in a symmetric tube, i.e. between two horizontal lines
y=—mand y = +m, for m > 1. See [13||16,({18] for previous studies of lattices paths staying in a tube. Figure
shows an example of a grand zigzag knight’s path staying between the lines y = —2 and y = 2, with size 27 and
altitude 0.

L4144 0L J_ -1 0L L Jd_1-1_1_L_J1_LJ

Figure 8: A grand zigzag knight’s path staying between the lines y = —2 and y = 42, with size 27 and altitude 0.

We use the same notation as in the previous subsection. Note that f_x = g for all —m < k < m. We
obtain the following equations:

ffm =gm =0, ffm+1 = 1[m:1] + Z2gfmv Im—-1 = Z2fmv (19)
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fomth = 20-mik—2 + 22g—mik—1 + Ljpmm] + Lp=mi1)2® + Ljpmmy2)2 (20)
for 2 <k <2m, and
J—m+k = Zf—m+k+2 + Z2f_m+k+1 for 0 < k < 2m — 2. (21)

Remark 4.5. We actually have a finite linear system with unknowns fr, g, with polynomial coefficients. There-
fore, we expect rational solutions and in particular, the generating function for the total number of grand zigzag
knight’s paths staying between y = —m and y = +m is rational.

Setting F(u) = 32", fomext® and G(u) = 322" g—maru® we obtain

Fu) =™ — 2™ (s — L)) + 2u(z +0)(Glu) + u™),
2

mmz—zfm1+Q;+z>ﬂm.

The kernel method then leads to

Tm(l + 7"22 —+ 7'22(1 + 1[7n:1]))
z2(rz + 22 + r2m+l) .

f—m+1 ==

Theorem 4.2. The generating functions F(u) and G(u) counting the number of grand zigzag knight’s paths

staying between y = —m and y = +m with respect to the size and the altitude are given by:
Flu) = — (2(Apn=1] = fomg )™ = 22 (u + 2) fopgr + 0™ (1 + 2%u + zu?))u
23 (u—71)(u—s) ’
Glu) = 21+ 2u) Ay = foma )™ —ufo g w1+ zu) (1 + 2P0+ 2u®)

22(u—1r)(u—s)

Setting H(u) = F(u) + G(u), the generating function for the total number of grand zigzag knight’s paths staying
between y = —m and y = +m is

(2f-m41 — Lpm=1))z — 22 —2—1
224 2-1 '
Remark 4.6. As a consequence of Remark fom+1 and H(1) are rational. As in Remark H(1)

converges as m — oo to (14 z + 22)/(1 — z — 22), the generating function for the total number of grand zigzag
knight’s paths (see at the beginning of Section @

H(1) =

Example 4.1. For m = 1, the generating function for the number of grand zigzag knight’s paths staying between
y=—1 and y = +1 and ending on the z-azis is (—2* + z —1)/(z* + 2 — 1). Its first terms for 0 < n < 18 are:

1,0,0,0,2, 2 2 2, 4, 6,8, 10, 14, 20, 28, 38, 52, 72, 100.

The term of order 2n+4 corresponds to 2x A052535(n )= 2 Z,EZ/;J (2"2%). The term of order 2n+3 corresponds
to 2x|A158945(n).

For instance, we can easily exhibit three bijections between such paths from (0,0) to (2n + 4,0) starting
with F and

e tilings of a 2 x 2n rectangle with 1 x 2 and 4 x 1 tiles,

e pairs X = (x1,...,2%),Y = (y1,...,yx) of compositions of n + 2 with same number of parts, with all
parts in {1,2} and such that for all 1 < j <k,

J

> (@i — i)

=1

<1

e compositions of n with parts in {2,1,3,5,9,11,...}. Indeed, a grand zigzag knight’s path of size 2n + 4
staying between y = —1 and y = +1 can be uniquely decomposed as EPE with P of size 2n and having
its steps in {EE} U U,so{N(EE)*N}. If P = S; --- S}, then we set ®(EPE) = (®(5),...,®(S;)) with
®(EE) =2 and ®(N(EE)*N) = 2k + 1.
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Figure 9: A grand zigzag knight’s path staying between the lines y = —2 and y = +3, with size 27 and altitude 0.

A Grand zigzag knight’s paths staying in a general tube

Here we provide, without going into details, additional results that can be obtained by similar methods. We
enumerate grand zigzag knight’s paths that stay between the lines y = —m and y = +M for m, M > 0 with
M > m. In particular we always have M > 1 (the case m = M = 0 being trivial). Figure |§| shows an example
of a grand zigzag knight’s path staying between the lines y = —2 and y = +3, with size 27 and altitude 0.

Remark A.1. When n = k (mod 2), there is a bijection between those paths ending at (n,k) and pairs of
compositions (X,Y) € Co—k nir such that for all 1 < j <k,
2 2

J
—-m < Z(yz —z;) <M
i—1

(see bijections ¢ and ¢ in Lemma .

With a similar reasoning as in Section [ we obtain the following equations:

F(u) =u™ — 2™ ™M 1 4+ 2u(z + u)(G(u) + u™),

2
6w) = =2 i+ (

z oz
54+ 2) () - Yinma).
Remark A.2. As in Remark[{.5, the solutions are rational.

Using the kernel method, we find:

f _ (14 52) ((Lpmmo) — 8™ (1 + 527 + s22))rm+MF2 4 gmAMIL (AL (] 4 p22 4 922) — 122 (2 + 1) (1 + 27)))
—-m+1 = ST 2 (1 4 2(2 + 82)) — ML ’
f M z2(z ) (1T — 2 (8T 4 s2) (14 822 4 522) — Ljeg)(r — 5)))

M= — :

23(22(r + 2)(1 + sz)sm+M — pmtM+1)

Theorem A.1. The generating functions F(u) and G(u) counting the number of grand zigzag knight’s paths
staying between y = —m and y = +M with respect to the size and the altitude are given by:

ZsU"#M”fM + uzQ(u +2) fomyr + 1[m:0]22(u +2)(1 +uz) — Um+1(1 +uz? + UQZ)
23(u—71)(u—s) ’
G (u) 2umTMINL 4 uz) far + ufomg1 4 Lpnoo)(1+ uz) — u™(1 +uz)(1 + uz? 4+ u?z)
u) = .

uz?(u —7r)(u —s)

F(u) =

We set H(u) := F(u) + G(u).

Corollary A.1. The generating function for the number of grand zigzag knight’s path staying between y = 0
and y = +M and ending on the x-axis is H(0) = f—;

When M = 2, we obtain the first terms, 0 < n < 18,
1,0,1,0,2,0,4,0,7,0, 14, 0, 26, 0, 50, 0, 95, 0, 181,
where the even terms are [A052535| (see Example [4.1)).

Remark A.3. We have a convergence to the generating function for all grand zigzag knight’s path staying above
the x-azis and ending on it A = Z5 (see (11, Corollary 1]) as M — oc.

Corollary A.2. The generating function for the total number of grand zigzag knight’s paths staying between
y=-m andy=+M is
(ffm+1 + Z2fM - 1)2 + 1[m:0]z(1 + Z) —1-2?

2Z+z2-1 '

Hm’]w(z) = H(l) =
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As a byproduct and using the inclusion—exclusion principle, the generating function for grand zigzag knight’s
paths staying between lines y = —m and y = M, and reaching them, is Hy, p(2) — Hm—1,m(2) — Hm,p—1(2) +
Hyp—1,m-1(2) when 1 <m < M, and Ho a(2) — Ho pmr—1(2) when 0 < M. Then the generating function grand
zigzag knight’s paths such that the difference between the maximal and minimal y-coordinates of a point of the
path is exactly k is

Lk/2]
2 (HO,k(Z) - HO,]C*I(Z) + Z (Hm,kfm(z) - Hmfl,)cfm(z) - Hm,k'fmfl(z) + Hml,kml(z))) .

m=1

Table [2| gives the first coefficients for £k = 1,2,3. The sequences do not appear in OEIS.

I "lo 1 23 4 5 6 7 8 9 10 11 1213 14 15 16
1 o 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2
2 0 2 2 6 6 12 14 24 30 46 60 88 118 168 228 320 438
3 0 0 0 0 2 4 10 16 32 52 94 148 252 392 648 996 1612

Table 2: The number of grand zigzag knight’s paths such that the difference of the maximal and minimal heights
is at most k.
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